INTERSECTIONS OF TRANSLATED ALGEBRAIC SUBTORI 



ALEXANDER I. SUCIU 1 , YAPING YANG, AND GUFANG ZHAO 



Abstract. We exploit the classical correspondence between finitely generated abelian 
groups and abelian complex algebraic reductive groups to study the intersection theory 
of translated subgroups in an abelian complex algebraic reductive group, with special 
emphasis on intersections of (torsion) translated subtori in an algebraic torus. 
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1. Introduction 

1.1. Motivation. In this note, we study the intersection theory of translated subtori in 
a complex algebraic torus, and, more generally, of translated subgroups in an abelian 
complex algebraic reductive group. The motivation for this study comes in large part 
from the investigation of characteristic varieties and homological finiteness properties of 
abelian covers, embarked upon in [10] and [11]. 

As shown by Arapura [1], the jump loci for cohomology with coefficients in rank 1 
local systems on a connected, smooth, quasi-projective variety X consist of translated 
subtori of the character torus of n\(X). Understanding the way these subtori intersect 
gives valuable information on the Betti numbers of regular, abelian covers of X, see for 
instance [10, 11]. 

Studying the intersection theory of arbitrary subvarieties in a complex algebraic torus 
is beyond the scope of this work. Nevertheless, the torsion points of the intersection 
of such subvarieties can be located by considering the intersection of suitable translated 
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subtori. Indeed, as shown by M. Laurent in [4], given any subvariety V c (C*)'\ there 
exist torsion-translated subtori Q\,...,Q S in (C*) r such that Tors(V) - Uy Tors(<2/). 
Consequently, in order to locate the torsion points on an arbitrary intersection of subva- 
rieties, Vi n • • • n Vjt, it is enough to find the torsion-translated subtori Qij corresponding 
to each V,-, and then taking the torsion points on the variety HliOJ/ Qi,j)- 

1.2. Pontrjagin duality. We start by formalizing the correspondence between the cate- 
gory of abelian complex algebraic reductive groups and the category of finitely generated 
abelian groups. This well-known correspondence (sometimes called Pontrjagin duality) 
is based on the functor Hom(-, C*). 

For a fixed algebraic group T :— H — Hom group (//, C*), there is a duality 

(1) Algebraic subgroups of T Subgroups of H 

where e sends W c T to ker(Hom alg (r,C*) -» Hom alg (W, C*)), while V sends £ < H 
to Hom gmup (H/^, C). Both sides of (1) are partially ordered sets, with naturally defined 
meets and joins. As we show in Theorem 2.3, the above correspondence is an order- 
reversing equivalence of lattices. 

For any subgroup £ of H, let £ := {x € H \ nx € £ for some n e N}; the subgroup £ is 
called primitive if £ = Under the correspondence H <^> T, primitive subgroups of H 
correspond to connected algebraic subgroups of T. In general, the components of V(^) 
are indexed by the "determinant group," while the identity component is 

1.3. Intersections of translated subgroups. Building on the approach taken by E. Hi- 
ronaka in [3], we use Pontrjagin duality to study intersections of translated subtori in 
a complex algebraic torus, and, more generally, translated subgroups in an abelian al- 
gebraic reductive group over C. This allows us to decide whether a finite collection of 
translated subgroups intersect non-trivially, and, if so, what the dimension of their inter- 
section is. 

More precisely, let £i ^ be subgroups of H, and let f be their sum. Let cr: ^ x 

• • • — > £ be the sum homomorphism, and let y : i;\ x • • • — > H k be the product of the 
inclusion maps. Finally, let 771, ... ,r\k be elements in T = H, and 77 = (771, . . . , rj^) 6 T . 

Theorem A (Theorem 5.3). The intersection Q = 771 V(gi) n • • • n rjkVigk) is non-empty 
if and only if 7(77) e im(cr), in which case Q = pV(£), for some p e Q. Furthermore, if 
the intersection is non-empty, then 

(1) Q decomposes into irreducible components as Q = \J ^prV(^), and dim(2) = 
dim(J) - rank(^). 

(2) If 77 has finite order, then p can be chosen to have finite order, too. Moreover, 
ord(?7) I ord(p) | c ■ orA{rf), where c is the largest order of any element in £ /£. 

As a corollary, we obtain a general description of the intersection of two arbitrary 
unions of translated subgroups, W = Ui^i^fe) an d W = \Jjif-V(jj;')'. 

(2) WHW'= |J THjVte + fy. 
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Moreover, if all the elements rjj and r(. have finite order, so do the elements r/j ,-. 
In the case when H = II and T = (C*) r , Theorem A recovers a result from [3]. 

1.4. Exponential interpretation. Next, we turn to the relationship between the corre- 
spondence H w T and the exponential map exp : Lie(r) — > T. 

Setting Ti - H y := Hom(//, Z), the exponential map may be identified with the map 
Hom(-K v ,C) -> HomCH v ,C*) induced by C -» C\ z i-» e 2niz . Furthermore, if* < <H 
is a sublattice, then V(CJ-(/x) v ) = exp(* ® C). 

Theorem B (Theorem 6.3). Let T be a complex abelian reductive group, and let and 
Xi be two sublattices of <H = Hom alg (r, C*) v . 

(1) Set £ = i^Hlxxf + CH/X2) V ■ We then have an equality of algebraic groups, 

expCn ® C) n exp(Y 2 ® C) = |/f • VQ). 

(2) Now suppose *i and xi are primitive sublattices of ( H, with^i n*2 = 0. We 
then have an isomorphism of finite abelian groups, 

expOfi ® C) n exp(^ 2 ® C) = *i +*2/*i + *2- 

In the case when T = (C*)' , part (2) recovers (via a different approach) the main result 
from [6]. 

1.5. Intersections of torsion-translated subtori. In the case when all the translation 
factors r]i of the subtori V(&) appearing in Theorem A are of finite order, we can say 
more about the intersection f^ =1 rjjVigi). Since intersections of torsion-translated subtori 
are again torsion- translated subtori, we may assume k = 2. 

Let £ be a primitive lattice in H . Given a vector A e Q r , we say A virtually belongs to 
£ if d • A € U , where d is the determinant of the matrix | £0] obtained by concatenating 
basis vectors for the sublattices f and £0 = n Z r . 

Theorem C (Theorem 7.4). Let £1 and £2 be two sublattices in II . Set £ = ^n £2, and 
write e/e - {exp(27ri/jjt)}fc=i- Also let 771 and 772 be two torsion elements in (C*) r , and 
write rjj = exp(2niAj). The following are equivalent: 

(1) The variety Q = rji V{^\) n 772^(^2) is non-empty. 

(2) One of the vectors A\ - A2 - \Xk virtually belongs to the lattice (Z r /£) v . 

If either condition is satisfied, then Q = pV(^i + £2) for some p e Q. 

This theorem provides an algorithm for checking the condition from Theorem A, 
solely in terms of arithmetic data extracted from the lattices %\ and £2 and the ratio- 
nal vectors A\ and A?. The complexity of this algorithm is linear with respect to the order 
of the determinant group e/e. 

1.6. Some applications. As mentioned in § 1 . 1 , one of our main motivations comes from 
the study of characteristic varieties, especially as it regards the intersection pattern of the 
components of such varieties, and the count of their torsion points. Theorem A yields 
several corollaries, which provide very specific information in this direction; this infor- 
mation has since been put to use in [10, 1 1]. 
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In addition to these applications, we also consider the following counting problem: 
how many translated subtori does an algebraic torus have, once we fix the identity com- 
ponent, and the number of irreducible components? Using the correspondence from (1), 
and a classical result on the number of finite-index subgroups of a free abelian group, we 
express the generating function for this counting problem in terms of the Riemann zeta 
function. 

2. Finitely generated abelian groups and abelian reductive groups 

In this section, we describe an order-reversing isomorphism between the lattice of 
subgroups of a finitely generated abelian group H and the lattice of algebraic subgroups 
of the corresponding abelian, reductive, complex algebraic group T. 

2.1. Abelian reductive groups. We start by recalling a well-known equivalence be- 
tween two categories: that of finitely generated abelian groups, AbFgGp, and that of 
abelian, reductive, complex algebraic groups, AbRed. For a somewhat similar approach, 
see also [3] and [5], 

Let C* be the multiplicative group of units in the field C of complex numbers. Given 
a group G, let G = Hom(G, C) be the group of complex-valued characters of G, with 
pointwise multiplication inherited from C*, and identity the character taking constant 
value 1 e C* for all g € G. If the group G is finitely generated, then G is an abelian, 
complex reductive algebraic group. 

Note that G = H, where H is the maximal abelian quotient of G. If H is torsion-free, 
say, H = U , then H can be identified with the complex algebraic torus (C*)' . If A is a 
finite abelian group, then A is, in fact, isomorphic to A. 

Given a homomorphism <p: G\ —> G2, let 0: G2 — > G\ be the induced morphism 
between character groups, given by <p(p) = p o <p. Since C* is a divisible abelian group, 
the functor H ~» H = Hom(//, C) is exact. 

Now let T be an abelian, complex algebraic reductive group. We can then associate 
to T its weight group, T - Hom a i g (r, C), where the hom set is taken in the category of 
algebraic groups. It turns out that J 1 is a finitely generated abelian group, which can be 
described concretely, as follows. 

According to the classification of abelian reductive groups over C (cf. [9]), the identity 
component of T is an algebraic torus, i.e., it is of the form (C*) r for some integer r > 0. 
Furthermore, this identity component has to be a normal subgroup. Thus, the algebraic 
group T is isomorphic to (C*) r x A, for some finite abelian group A. 

The coordinate ring 0[T] decomposes as 

(3) 0[(C*Y x A] = 0[(C*) r ] ® 0[A] = C[Z r ] ® C[A], 

where C[G] denotes the group ring of a group G. Let 0[T]* be the group of units in 
the coordinate ring of T. By (3), this group is isomorphic to C* x U x A, where C* 
corresponds to the non-zero constant functions. Taking the quotient by this C* factor, we 
get isomoiphisms 

(4) f = 0[T]*/£* =Z r xA. 

Clearly, maxSpec (C[f ]) = Homai g (C[f ], C) - Hom^pCf, C*) = T. 
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Now let f'.T\ — > T 2 be a morphism in AbRed. Then the induced moronism on 
coordinate rings, /* : 0[T2] — > 0[T\], restricts to a group homomorphism, /* : 0\T<2\* — * 
0[T\]*, which takes constants to constants. Under the identification from (4), /* induces 
a homomorphism / : T% —* T\ between the corresponding weight groups. 

The following proposition is now easy to check. 

Proposition 2.1. The functors H ~» H and T ^> T establish a contravariant equivalence 
between the category of finitely generated abelian groups and the category of abelian 
reductive groups over C. 

Recall now that the functor H ~» H is exact. Hence, the functor T T is also exact. 

Remark 2.2. The above functors behave well with respect to (finite) direct products. 
For instance, let a : A —* C and 8 : B — > C be two homomorphisms between finitely 
generated abelian groups, and consider the homomorphism 6: A x B — > C defined by 
8{a, b) - a(a) + B(b). The morphism 5: C — > AxB = A x B is then given by 6(f) = 
(a(f)J(f)). 

2.2. The lattice of subgroups of a finitely generated abelian group. Recall that a 
poset (L, <) is a lattice if every pair of elements has a least upper bound and a greatest 
lower bound. Define operations V and A on L (called join and meet, respectively) by 
x V y - sup{x, y } and x A y = inf {x, y}. 

The lattice L is called modular if, whenever x < z, then x V (y A z) - (jc V y) A z, 
for all y e L. The lattice L is called distributive if x V (y A z) - (x V y) A (x V z) and 
x A (y V z) = (x A y) V (x A z), for all ij.zeL. A lattice is modular if and only if it does 
not contain the pentagon as a sublattice, whereas a modular lattice is distributive if and 
only if it does not contain the diamond as a sublattice. 

Finally, L is said to be a ranked lattice if there is a function r : L — > Z such that r is 
constant on all minimal elements, r is monotone (if < £2 , then r(£i) < r(£2))> an d 
r preserves covering relations (if £1 < £2* but there is no £ such that £1 < £ < £2, then 

Kfe) = Kft) + i)- 

Given a group G, the set of subgroups of G forms a lattice, -£(G), with order relation 
given by inclusion. The join of two subgroups, j\ and jj, is the subgroup generated by j\ 
and j2, and their meet is the intersection y\ n 72- There is unique minimal element — the 
trivial subgroup, and a unique maximal element — the group G itself. The lattice X(G) 
is distributive if and only if G is locally cyclic (i.e., every finitely generated subgroup is 
cyclic). Similarly, one may define the lattice of normal subgroups of G; this lattice is 
always modular. We refer to [ ] for more on all this. 

Now let H be a finitely generated abelian group, and let £.(H) be its lattice of sub- 
groups. In this case, the join of two subgroup, £1 and £2, equals the sum g\ + By the 
above, the lattice JL{H) is always modular, but it is not a distributive lattice, unless H is 
cyclic. Furthermore, JL(H) is a ranked lattice, with rank function £ i-> rank(^) = diniQ(£® 
Q) enjoying the following property: rank(£i) + rank(^2) - rank(£i A £2) + rank(£i V £2)- 

2.3. The lattice of algebraic subgroups of a complex algebraic torus. Now let T be a 

complex abelian reductive group, and let (£, a \g(T), <) be the poset of algebraic subgroups 
of T, ordered by inclusion. It is readily seen that -C a ig(T) is a ranked modular lattice. 
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For any algebraic subgroups P\ and P 2 of T, the join P[ V P 2 = Pi ■ P 2 is the algebraic 
subgroup generated by the two subgroups Pi and P 2 , while the meet Pi A P 2 = Pi n P 2 
is the intersection of the two subgroups. Furthermore, the rank of a subgroup P is its 
dimension. 

The next theorem shows that the natural correspondence from Proposition 2. 1 is lattice- 
preserving. Recall that, if H is a finitely generated abelian group, the character group 
H = Hom group (//, C) is an abelian reductive group over C, and conversely, if T is an 
abelian reductive group, the weight group f = Hom a i g (r, C) is a finitely generated 
abelian group. 

Theorem 2.3. Suppose H = T, or equivalently, T = H. There is then an order-reversing 
isomorphism between the lattice of subgroups ofH and the lattice of algebraic subgroups 
ofT. 

Proof. For any subgroup ^ < H, let 

(5) V{g) = maxSpec(C[#/£]) 

be the set of closed points of Spec(C[///£]). Clearly, the variety V(g) embeds into 
maxSpec(C[//]) = T as an algebraic subgroup. This subgroup can be naturally iden- 
tified with the group of characters of H/g, that is, V(g) = H/£, or equivalently, 

(6) ?= T/V(a 
For any algebraic subset W c T, define 

(7) e(W) = ker (Hom^r, C*) -» Hom aig (lV, C*)). 

Write T = (C*) r x x • • • x Z^ s , where Z^. embeds in C* as the subgroup of ^-th roots of 
unity. Using the standard coordinates of (C*) r+i , we can identify e(W) with the subgroup 
{A e H : t A - 1 vanishes on W}. 

The proof of the theorem is completed by the next three lemmas. □ 

Lemma 2.4. If ^ is a subgroup ofH, then e(V(£)) = 

Proof. The inclusion e(V(g)) 2 £ is clear. Now suppose A e H \ Then we may define 
a character p e H such that p(A) ± 1, but p(£) = 1. Evidently, A g e(V(£)), and we are 
done. □ 

Given two algebraic subgroups, P and Q of T, let Hom a i g (P, Q) be the set of mor- 
phisms from P to Q which preserve both the algebraic and multiplicative structure. 

Lemma 2.5. Any algebraic subgroup P of T is of the form V(£), for some subgroup 

Proof. Let i : P <— > T be the inclusion map. Applying the functor Hom a i g (-, C*), we 
obtain an epimorphism t* : H -» Hom a i g (P, C*). Set £ - ker(i*); then P = V(g). □ 

The above two lemmas (which generalize Lemmas 3.1 and 3.2 from [3]), show that 
we have a natural correspondence between algebraic subgroups of T and subgroups of 
H. This correspondence preserves the lattice structure on both sides. That is, if £i < g 2 , 
then 2 V(fr), and similarly, if Pi c P 2 , then e(Pi) > e(P 2 ). 
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Lemma 2.6. The natural correspondence between algebraic subgroups of T and sub- 
groups ofH is an order-reversing lattice isomorphism. In particular, 



Proof. The first claim follows from the two lemmas above. The two equalities are con- 



The above correspondence reverses ranks, i.e., rank(^) = codim V(£) and corank(^) = 
dim V(g). 

2.4. Counting algebraic subtori. As a quick application, we obtain a counting formula 
for the number of algebraic subgroups of an r-dimensional complex algebraic torus, hav- 
ing precisely k connected components, and a fixed, ^-dimensional subtorus as the identity 
component. It is convenient to restate such a problem in terms of a zeta function. 

Definition 2.7. Let T be an abelian reductive group, and let To be a fixed connected 
algebraic subgroup. Define the zeta function of this pair as 



where ak(T, Tq) is the number of algebraic subgroups W < T with identity component 
equal to To and such that \W/Tq\ = k. 

This definition is modeled on that of the zeta function of a finitely generated group 
G, which is given by £(G, s) = Jl^Li a k(G)k~ s , where a*(G) is the number of index-& 
subgroups of G, see for instance [7]. 

Corollary 2.8. Suppose T = (C*) r and T = (C*)"> far some < n < r. Then 
£{T, Tq, s) = £(s)£(s - 1) • • • g(s - r + n + 1), where g(s) = Z^Lj & * w the usual Rie- 
mann zeta function. 

Proof. First assume n = 0, so that To = {1}. By Theorem 4.3, au{T, {1}) is the number 
of algebraic subgroups W < T of the form W = V(£), where £ < U and [Z r : = k. 
Clearly, this number equals a^(Z r ), and so g(T, {1}, s) = £(Z r , s). By a classical result of 
Bushnell and Reiner (see [7]), we have that £(Z r , s) = £{s)£{s - 1) • • • g(s - r + 1). This 
proves the claim for n = 0. 

For n > 0, we simply take the quotient of the group T by the fixed subtorus Tq, to get 
f (7\ T , s) = £(T/T Q , {l},s) = {;(Z r - n , s). This ends the proof. □ 



In this section, we show that the correspondence between JL{H) and JL&\ g {T) restricts 
to a correspondence between the primitive subgroups of H and the connected algebraic 
subgroups of T . We also explore the relationship between the connected components of 
V(g) and the determinant group, , of a subgroup £ < H. 



V(gi + fo) = V(ft) n V(&) and V(£ X n fe) = • 



sequences of this. 



□ 
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3.1. Primitive subgroups. As before, let H be a finitely generated abelian group. We 
say that a subgroup £ < H is primitive if there is no other subgroup < H with £ < <f' 
and : < oo. In particular, a primitive subgroup must contain the torsion subgroup, 
Tors(//) = {A e H \ 3n eN such that nA = 0}. 

The intersection of two primitive subgroups is again a primitive subgroup, but the sum 
of two primitive subgroups need not be primitive (see, for instance, the proof of Corollary 
6.6). Thus, the set of primitive subgroups of H is not necessarily a sublattice of JL{H). 

When H is free abelian, then all subgroups £ < H are also free abelian. In this case, £ is 
primitive if and only if it has a basis that can be extended to a basis of H, or, equivalently, 
H/t; is torsion-free. It is customary to call such a subgroup a primitive lattice. 

Returning to the general situation, let H be a finitely generated abelian group. Given 
an arbitrary subgroup £ < H, define its primitive closure, to be the smallest primitive 
subgroup of H containing Clearly, 

(8) | = {A € H : 3n e N such that nA e £}. 

Note that H/g is torsion-free, and thus we have a split exact sequence, 

^ ~ x 

(9) £ H H/% . 

By definition, £ is a finite-index subgroup of in particular, rank(^) = rank(^). We 
call the quotient group, the determinant group of We have an exact sequence, 

(10) *H/£ -f/f -0, 

with finite. The inclusion £ «-» // induces a monomorphism ///£, which 

yields a splitting for the above sequence, showing that = Tors(///£). Since the group 

£/f is finite, it is isomorphic to its character group, which in turn can be viewed as a 
(finite) subgroup of H = T. 

Using an approach similar to the one from [3, Lemma 3.3], we sharpen and generalize 
that result, as follows. 

Lemma 3.1. For every subgroup g < H, we have an isomorphism of algebraic groups, 

(11) v{t) = zit-vd). 

Moreover, 

(1) V{i;) = 1J r^pV(^) is the decomposition ofV(£) into irreducible components, 
with V(£) as the component of the identity. 

(2) ViOIVQ) = lit- In particular, z/rank£ = dim//, then 7(f) = f/£ 

Proof. As noted in §2.1, the functor Hom(-,C*) is exact. Applying this functor to se- 
quence (10), we obtain an exact sequence in AbRed, 

(12) o — ^fit — — — -o. 

II L 
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Since sequence (10) is split, sequence (12) is also split, and thus we get decomposition 

Now recall that H/g is torsion-free; thus, V(g) = maxSpec(C[///£]) is a connected 
algebraic subgroup of T. Claims (1) and (2) readily follow. □ 

Example_3.2. Let H = Z and identify H = C*. If £ = 2Z, then V(g) = {±1} c C*. 
whereas f = H and vQ) = {1} c C*. 

Clearly, the subgroup £ is primitive if and only if £ = Thus, £ is primitive if and 
only if the variety V(£) is connected. Putting things together, we obtain the following 
corollary to Theorem 2.3 and Lemma 3.1. 

Corollary 3.3. Let H be a finitely generated abelian group, and let T - H. The natural 
correspondence between £,(H) and -£alg(T) restricts to a correspondence between the 
primitive subgroups ofH and the connected algebraic subgroups ofT. 

3.2. The dual lattice. Given an abelian group A, let A v = Hom(A, Z) be the dual group. 
Clearly, if H is a finitely generated abelian group, then H y is torsion-free, with rank // v = 
rank//. 

Now suppose £ < H is a subgroup. By passing to duals, the projection map n: H -» 
H/g yields a monomorphism n y : (///£) v // v . Thus, (///£) v can be viewed in a 
natural way as a subgroup of H y . In fact, more is true. 

Lemma 3.4. Let H be a finitely generated abelian group, and let % < H be a subgroup. 
Then (///f) v is a primitive lattice in H v . 

Proof. Dualizing the short exact sequence — > £, — > H —> H/g — > 0, we obtain a long 
exact sequence, 

(13) ^ (///£) v — ^ H v *■ £ v » Ext(///£, Z) ^ . 

Upon identifying Ext(///£, Z) = Tors(///£) = and setting /T = coker(7r v ), the above 
sequence splits into two short exact sequences, — > (///£) v — » // v — > A' — » and 

(14) + K »- ^ + f /f *~ . 

Now, since K is a subgroup of £ v , is must be torsion free. Thus, (///£) v is a primitive 
lattice in // v . □ 

Given two primitive subgroups ^1,^2 ^ H, their sum, %\ + £2. mav not be a primitive 
subgroup of H. Likewise, although both (///£i) v and {H/^Y are primitive subgroups of 
Z/ v , their sum may not be primitive. Nevertheless, the following lemma shows that the 
respective determinant groups are the same. 

Proposition 3.5. Let H be a finitely generated abelian group, and let %\ and & be prim- 
itive subgroups of H, with £1 D £2 finite. Set £ = (///£i) v + (HI&Y , and let £ be the 
primitive closure oft; in H v . Then 
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Proof. Replacing H by HI Tors(//) and ^ by £,•/ Tors(//) if necessary, we may assume 
that H is free abelian, and £1 and £2 are primitive lattices with = {0}. Furthermore, 

choosing a splitting of H v > // v if necessary, we may assume that £ = // v , or 
equivalently, £1+^2 = Write s = rank^i and t - rank £2- Then s + f = where 
n = rank //. 

Choose a basis {ei, . . . , e s } for Since %\ is a primitive lattice in H, we may extend 
this basis to a basis [e\ , . . . , e s , f\, . . . , f t } for H. Picking a suitable basis for £2, we may 
assume that the inclusion 1 : i-\ + £2 ^ H is given by a matrix of the form 



(15) 





c 1 




D 



where I s is the sx j identity matrix and D - diag(c?i, . . . ,d t ) is a diagonal matrix with 
positive diagonal entries d\,...,d t such that 1 = = • • • = d m -\ and 1 + d, \ d t -\ I • ■ • I 
d m , for some 1 < m < t + 1. Then £1 + 1 + ^2 = Z/rf m Z © • • • © Z/^Z. 

Notice that the columns of the matrix form a basis for Since ^2 is a primitive 

lattice in H, the last ? - m columns of C must have a minor of size t - m equal to ± 1 . 
Without loss of generality, we may assume that the corresponding rows are also the last 
t — m ones. 

The canonical projection n : H -» H/gi + H/fr is given by a matrix of the form 



(16) 



X 


Y 








Using row and column operations, the matrix X can be brought to the diagonal form 
diag(xi, . . . , x s ), where x,- are positive integers with 1 = x\ - • • • = x a -\ and 1 + x s \ 
x s -\ I • ■ • I x a . Moreover, the submatrix of Y involving the last s - a + 1 rows and columns 
is invertible. Taking the dual basis of H y - Hom(//, Z), the inclusion £ - (H/gi) v + 
(#/£>) v ^ H v is given by the matrix ( f T ° ). It follows that |/f - Z/x fl Z© • • -@Z/x s Z. 

Evidently, the restriction of 7r o l to ^2 is the zero map; hence, XC = -YD. For a fixed 
integer k < s, set 5^ := d t d t ~\ ■ ■ ■ dt- s +t and yt :- x s x s -i ■ ■ • Xk- Cleai'ly, 6t is the gcd of all 
minors of size s-k+ 1 of the submatrix in YD involving the last s—a+ 1 rows and columns. 
Hence, 8k is also the gcd of all minors of size s - k + 1 of the corresponding submatrix 
of XC. Thus, 8k = yic- Hence, d t = x s , ■ ■ ■ ,d m = x s - t+m , and 1 = d m -\ = x s - t+m -\, which 
implies s - t + m - a. This yields the desired conclusion. □ 



4. Categorical reformulation 

In this section, we reformulate Theorem 2.3 using the language of categories. In order 
to simultaneously consider the category of all finitely generated abelian groups, and the 
lattice structure for all the subgroups of a fixed abelian group, we need the language of 
fibered categories from [ , §5.1], which we briefly recall here. 

4.1. Fibered categories. Recall that a poset (L, <) can be seen as a small category, with 
objects the same as the elements of L, and with an arrow p — > p' in the category L if and 
only if p < p' . 
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Let £ be a category. We denote by Ob £ the objects of £, and by Mor £ its morphisms. 
A category over £ is a category f, together with a functor O : T —> £■ For T e Ob £, 
we denote by T{T) the subcategory of T consisting of objects £ with <!>(£) = T, and 
morphisms / with <&(/) = id^. 

Definition 4.1. Let O: !F — > £ be a category over £. Let /: v — » m be a morphism in 
!F, and set (F : V —> U) - (0(/: v — » w)). Then / is said to be a Cartesian morphism if 
for any h : v' — > u with $(/? : v' —> u) = F, there exists a unique h' : v' — > v in Mor !F(F) 
such that h-foh'. 

The above definition is summarized in the following diagram: 

(17) V 

i 

h! I 
Y 

V : — 9- U 

p 

Definition 4.2. We say that O : f — > £ is afibered category if for any morphism F : V — > 
f/ in £, and any object u e Ob(? r (?7)), there exists a Cartesian morphism f:v — > u, 
with 0(/) = F. Moreover, the composition of Cartesian moiphisms is required to be a 
Cartesian moiphism. 

We say T is a lattice over £ (or less succinctly, a category fibered in lattices over £) 
if T is a fibered category, and every f(T) is a lattice. 

4.2. A lattice over AbRed. We now construct a category fibered in lattices over the 
category of abelian complex algebraic reductive groups, AbRed. Let SubAbRed be the 
category with objects 

(18) Ob SubAbRed = {i: W P | i is a closed immersion of algebraic subgroups}, 
and morphisms between i: W — > P and V : W — > P' the set of pairs 

(19) {(f,g) | /: W -* W mdg: P -> P' such that i'of = go /}. 
Projection to the target, 

(20) W c ' - P ^ P 

f s g 

W'C_L-^ P' P' 

defines a functor from SubAbRed to AbRed. One can easily check that this functor is 
a category fibered in lattices over AbRed, with Cartesian morphisms obtained by taking 
preimages of subtori. More precisely, suppose F: W —> P is a morphism in AbRed, and 
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9 P is an object in Ob SubAbRed; the corresponding Cartesian morphism is then 

(21) p-lffl-L+g 

-> P 

i / 

— Z-^-p 

A similar construction works for AbFgGp, the category of finitely generated abelian 
groups. That is, we can construct a category SubAbGp fibered in lattices over AbFgGp 
by taking injective morphisms of finitely generated abelian groups. 

4.3. An equivalence of fibered categories. We now construct an explicit (contravariant) 
equivalence between these two fibered categories considered above. For any inclusion of 
subgroups n <— > let 

(22) V(t] <-> £> := (maxSpec(C[£/77]) ^ maxSpec(C[£])). 

This algebraic subgroup is naturally identified with the subgroup of characters of tjlrj, 
i.e., the closed embedding of subtori Hom(£/?7, C*) — > Hom(£, C*). 
Finally, for any algebraic subgroups W <— > P, let 

(23) e(W ^ P) := (ji 6 Hom(P, C*) : t A - 1 vanishes on W} c Hom(P, C*)). 

For a fixed algebraic group T in AbRed, with character group H = T, the subgroup 
e(W T) of H coincides with the subgroup e(W) defined in (7), and the algebraic 
subgroup V(g H) of T coincides with the algebraic subgroup V(g) defined in (5). 

Tracing through the definitions, we obtain the following result, which reformulates 
Theorem 2.3 in this setting. 

Theorem 4.3. The two fibered categories SubAbRed and SubAbGp are equivalent, with 
(contravariant) equivalences given by the functors V and e defined above. 

5. Intersections of translated algebraic subgroups 

In Sections 2 and 3, we only considered intersections of algebraic subgroups. In this 
section, we consider the more general situation where translated subgroups intersect. 

5.1. Two morphisms. As usual, let T be a complex abelian reductive group, and let 
H = T be the weight group corresponding to T = H . 

Let £i , . . . , & be subgroups of H. Set f = %\ + ■ • • + and let cr : %\ X • • • X & — » £ be 

the homomorphism given by (A\, . . . , A^) i-» A\ H vA^. Consider the induced morphism 

on character groups, 

(24) <x:? -£x---xft. 

Using Remark 2.2, the next lemma is readily verified. 

Lemma 5.1. Under the isomorphisms £ = r/V(£) and r/V(£) = r/(f|; ^ 
morphism & gets identified with the morphism 5: T/(f)j V(£i)) — > T/V(£i)X- ■ -xT/V(^k) 
induced by the diagonal map A : T — > !T*. 
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Next, let y : f j x • • • x& — > Hx- ■ xHbe the product of the inclusion maps y,- : ^ 
and consider the induced homomorphism on character groups, 

(25) y:Hx---xH ^fix • • • X& . 

The next lemma is immediate. 

Lemma 5.2. Under the isomorphisms %\ = T/V(^j), the morphism y gets identified with 
the projection mapn: T k -> T/Vtfi) x • • • x T/V(^ k ). 

5.2. Translated algebraic subgroups. Given an algebraic subgroup P c T ', and an 
element rj e T, denote by ?7P the translate of P by 77. In particular, if C is an algebraic 
subtorus of T, then rjC is a translated subtorus. If 77 is a torsion element of T, we denote 
its order by ord(n). Finally, if A is a finite group, denote by c(A) the largest order of any 
element in A. 

We are now in a position to state and prove the main result of this section (Theorem A 
from the Introduction). As before, let £1, . . . be subgroups of H = T. Let 771,. . .,t]k 
be elements in T, and consider the translated subgroups Q\, . . . , Qi of T defined by 

(26) Qi = m V(£i). 

Clearly, each Q\ is a subvariety of T, but, unless 77, € V(gi), it is not an algebraic subgroup. 

Theorem 5.3. Set g - %\ + h & and 77 = (rji, . . . ,%) e r fc . 77z<?rc 

I ifyirj) im(cr), 

[ pV(£) otherwise, 

where p is any element in the intersection Q - Q\ n • • • PI 2^- Furthermore, if the 
intersection is non-empty, then 

(1) 77ze variety Q decomposes into irreducible components as Q = [J — prV(£), 

and dim(<2) - dim(J) - rank(^). 

(2) If rj has finite order, then p can be chosen to have finite order, too. Moreover, 
ord(77)|ord(p)|ord(77)-c(I/£). 

Proof. We have: 

<2i n • • • n Q k ± <=> 77i£?i = • • • = 77^, for some a, e V(&) 

ri(^i) = • • • = %(Vk) by Lemma 5.2 

<=> y{rf) e im(<x) by Lemma 5.1. 

Now suppose <2i n ■ • • n Qk ^ 0. For any p e gi n • ■ ■ n <2a, and any 1 < i < k, there 
is a p,- e V(gi) such that p = 77^,-; thus, p _1 ?7,- e V(£i). Therefore, 

p-\Qi n • • • n Q k ) = p -\mV(gi) n •• • n 17*7(6)) 

= p- 1 (7 7l ^ 1 ))n---np- 1 (77,V(^)) 
= V(fi)n---nV(&) 
= V(fi + •••+&). 

Hence, gi n • • • n Q k = pVtf). 



(27) 0i n • • • n fit 
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Finally, suppose rj has finite order. Let p be an element in T/V(£) such that <x(p) = 
y(jf). Note that ord(p) = ord(?7). Using the exact sequence (12) and the third isomorphism 
theorem for groups, we get a short exact sequence, 

(28) »-f/f >■ T/Vd) — 9 -^ T/Vtf) *-0. 

Applying the Hom group (-, C*) functor to the split exact (9), we get a split exact sequence, 

s 

(29) V(& » T >■ T/V(& » . 

Now pick an element p e q~ l (p). We then have q{p 0Td ^) = p ord W = 1, which implies 

that p ord ™ e g/g. Hence, p has finite order in T/V(£), and, moreover, ord(?7) | ord(p) | 
ord(p) • c(£/£). Setting p = s(p) gives the desired translation factor. □ 

When k = 2, the theorem takes a slightly simpler form. 

Corollary 5.4. Let %\ and & be two subgroups ofH, and let r\\ and 772 be two elements 
in T - H. Then 

(1) The variety Q = qiV(^\) n qjVi^i) is non-empty if and only ifrjirj^ belongs to 
the subgroup V(£\) ■ Vigz). 

(2) If the above condition is satisfied, then dim Q = rank// - rank(£i + 

In the special case when H = U and T = (C*) r , Theorem 5.3 allows us to recover 
Proposition 3.6 from [3]. 

Corollary 5.5 (Hironaka [3]). Let %\ , . . . , & be subgroups ofll, let 77 = (771 , ... , 77^) be 
an element in (C*) rk , and set Qj = qjV(^i). Then 

(30) Q { n • • • n Q k * <=> 7(77) e im(<x). 
Moreover, for any connected component Q of Q\ n • • • D Qk, we have: 

(1) Q = pVQ), for some p e (C*) r . 

(2) dim(g) = r- rank(^). 

(3) If t] has finite order, then ord(?7) | ord(p) | ord(?7) • c(£/£). 

5.3. Some consequences. We now derive a number of corollaries to Theorem 5.3. Fix 
a complex abelian reductive group T . To start with, we give a general description of the 
intersection of two arbitrary unions of translated subgroups. 

Corollary 5.6. Let W = Ui^i^C^i) an d W - U/^VW^;) be two unions of translated 

•* J J 

subgroups of T. Then 

(31) W n W = \J m V(ti) n rfyVgj), 

ij 

where ripV^i) n 77', V(£') is either empty (which this occurs precisely when y,- ,(771, 77,) does 
not belong to im(cr,j)), or equals rjijV(^i + for some rjij e T . 

Corollary 5.7. With notation as above, W n W is finite if and only ifWnW = or 
rank(£, + £'.) - dim(r), for all i, j. 
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Corollary 5.8. Let W and W be two unions of ( torsion-) translated subgroups of T. 
Then W fl W is again a union of (torsion-) translated subgroups ofT. 

The next two corollaries give a comparison between the intersections of various trans- 
lates of two fixed algebraic subgroups of T. Both of these results will be useful in another 
paper [1 1]. 

Corollary 5.9. Let T\ and T2 be two algebraic subgroups in T. Suppose a, 8, r\ are 
elements in T, such that aT\ D rfT 2 + and BT\ n r/T 2 + 0. Then 

(32) dim (aT\ n r]T 2 ) = dim {BT\ n rjT 2 ). 

Proof. Set £ = e(Ti) + e(T 2 ). From Theorem 5.3, we find that both aT\ n t]T 2 and 
BT\ n nT 2 have dimension equal to the corank of This ends the proof. □ 

Corollary 5.10. Let T\ and T 2 be two algebraic subgroups in T . Suppose a\ and a 2 are 
torsion elements in T, of coprime order. Then 

(33) T\ n a 2 T 2 = => a\T\C\ a 2 T 2 = 0. 

Proof. Set H = T, = e(Tj), and £ = £\ + % 2 . By Theorem 5.3, the condition that 
T\ C\a 2 T 2 = implies y(l, a 2 ) £ im(<r), where cr : f j x^2 -» ^ is the sum homomorphism, 
and y : x g 2 H x H is the inclusion map. 

Suppose a\Ti n a2^2 ^ 0- Then, from Theorem 5.3 again, we know that y(a\,a 2 ) e 
im(cr); thus, (y(a\,a 2 ))" e im(o"), for any integer «. From our hypothesis, the orders of 
a\ and a 2 are coprime; thus, there exist integers p and q such that ^ord(ai) + ^ord(o'2) = 
1. Hence, 

y(l,a 2 ) = y(a\ u ,a 2 2 ') = (y(a u a 2 )) pom[ai> e im(cr), 
a contradiction. □ 

5.4. Abelian covers. In [1 1], we use Corollaries 5.9 and 5.10 to study the homological 
finiteness properties of abelian covers. Let us briefly mention one of the results we obtain 
as a consequence. 

Let X be a connected CW-complex with finite 1 -skeleton. Let H = H\(X,Z) the first 
homology group. Since the space X has only finitely many 1 -cells, H is a finitely gen- 
erated abelian group. The characteristic varieties of X are certain Zariski closed subsets 
"V'iX) inside the character torus H = Hom(H, C*). The question we study in [1 1] is the 
following: Given a regular, free abelian cover X v — » X, with dimQ Hi(X v , Q) < 00 for 
all i < k, which regular, finite abelian covers of X v have the same homological finiteness 
property? 

Proposition 5.11 ([11]). Let A be a finite abelian group, of order e. Suppose the char- 
acteristic variety < V ! (^0 decomposes as [JjPjTj, with each Tj an algebraic subgroup of 
H, and each pj an element in H such that pj e H/Tj satisfies gcd(ord(/J / ), e) - 1. Then, 
given any regular, free abelian cover X v with finite Betti numbers up to some degree 
k > 1, the regular A-covers ofX v have the same finiteness property. 
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6. Exponential interpretation 

In this section, we explore the relationship between the correspondence H ~» T - H 
from §2 and the exponential map Lie(r) — > T. 

6.1. The exponential map. Let T be a complex abelian reductive group. Denote by 
Lie(r) the Lie algebra of T. The exponential map exp : Lie(r) — » T is an analytic map, 
whose image is To, the identity component of T. 

As usual, set H — T, and consider the lattice = H v = H/ Tors(//). We then can 
identify T Q = HomCK v ,C*) and Lie(T) - Hom(-K v ,C). Under these identifications, the 
corestriction to the image of the exponential map can be written as 

(34) exp = Hom(-,e 2 * iz ): Hom(<H v , C) -> HomCH v , C*), 

where C — » C*, z i-» e z is the usual complex exponential. Finally, upon identifying 
HomCH v , C) with <H ® C, we see that T Q = expCW ® C). 

The correspondence T ~» *H = (r) v sends an algebraic subgroup W inside T to the 
sublattice^ = (W) v inside 'K. Clearly, ^ = Lie(W)n7Y is a primitive lattice; furthermore, 
expO ® C) = W . 

Now let and xi be two sublattices in ( H. Since the exponential map is a group 
homomorphism, we have the following equality: 

(35) exp((Yi + AT2) ® Q = expCti ® C) • exp(Y2 ® C). 

On the other hand, the intersection of the two algebraic subgroups exp(^i ® C) and 
exp(^2 ® C) need not be connected, so it cannot be expressed solely in terms of the 
exponential map. Nevertheless, we will give a precise formula for this intersection in 
Theorem 6.3 below. 

6.2. Exponential map and Pontrjagin duality. First, we need to study the relationship 
between the exponential map and the correspondence from Proposition 2.1. 

Lemma 6.1. Let T be a complex abelian reductive group, and let <H - (T) y . Let x ^ *H 
be a sublattice. We then have an equality of connected algebraic subgroups, 

(36) V(CH/*) v ) = exp(Y®C), 
inside To = exp(*K ® C). 

Proof. Let n: — > 'H/x be the canonical projection, and let K = coker(7r v ). As in (14), 
we have an exact sequence, — > K — > x y ~ * Xlx ~~ * 0. Applying the functor Hom(-, C*) 
to this sequence, we obtain a new short exact sequence, 



(37) Hom(J/^, C*) Hom(^ v , C*) ^ Uom(K, C*) ^ 
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From the way the functor V was defined in (5), we have that Hom(X, C) = V{(^H lx) y )- 
Composing with the map exp : C — > C*, we obtain the following commutative diagram: 

(38) Hom(Y v , C) — Hom(Y v , C* ) 

Hornet, C) —U- Hom(/sT, C*) - V(CH/x) v ) 



Hom(-K v , C) — — Hom(<H v , C*) 

Identify now exp(^ ® C) with the image of Hom(Y v , C) in HomCH v , C*). Clearly, this 
image coincides with the image of V{{ ( HlxY) in To = Hom(7Y v ,C*), and so we are 
done. □ 

Corollary 6.2. Let H be a finitely generated abelian group, and let £, < H be a subgroup. 
Consider the sublattice x - (H/^) w inside H = H v . Then 

(39) VQ) = exp(Y®C). 

Proof. Note that £ = i^Hjxf , as subgroups of H/Tors(H) = The desired equality 
follows at once from Lemma 6.1. □ 

6.3. Exponentials and determinant groups. We are now in a position to state and 
prove the main result of this section (Theorem B from the Introduction). 

Theorem 6.3. Let T be a complex abelian reductive group, and let xi and X2 be two 
sublattices ofH = T y . 

(1) Set£ = CWxi) v + CW/*2) V < *H V andx = CH V /|) V < <H. Then 

expOf i ® C) n exp(Y2 ® C) = |/f • exp(^ ® C), 

as algebraic subgroups of Tq. Moreover, the identity component of both these 
groups is V(g) = exp(Y ® C). 

(2) Now suppose xi andxi are primitive sublattices ofH, withxx ^Xi - 0- We then 
have an isomorphism of finite abelian groups, 



expOi ® C) n exp(Y2 ®C)=xi +X2/X1 + X2- 
Proof. To prove part (1), note that 

expCn ® C) n exp(Y2 ® C) = V(CH/*i) V ) n V(CH/* 2 ) V ) by Lemma 6.1 

- ViWIxxY + CH/^2) V ) by Lemma 2.6 

= ?/f-V(f) by Lemma 3.1. 

Finally, note that CHIx) y - %\ thus, V(£) - exp(^ ® C), again by Lemma 6.1. 

To prove part (2), note that £ = "K v , since we are assuming xi <~^X2 = 0. Hence, V(^) = 
{1}. Since we are also assuming that the lattices xi and X2 are primitive, Proposition 3.5 
applies, giving that f/£ =^fi +^2/^1 + X2- Using now part (1) finishes the proof. □ 

The next corollary follows at once from Theorem 6.3. 
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Corollary 6.4. Let H be a finitely generated abelian group, and let %\ and £2 be two sub- 
groups. LefH = H y be the dual lattice, and Xi — (H/£i) v the corresponding sublattices. 

(1) Set% = T\+Ti- Then: 

expOn ® C) n expfe ® C) = |/f • VQ). 

(2) Now suppose rank(£i + £2) = rank(i/). Then 

expixi ® C) n expfe ® C) = X\ + X2/X1 + X2 = f/£ 

6.4. Some applications. Let us now consider the case when T = (C*)'. In this case, 
*H = U , and the exponential map (34) can be written in coordinates as exp : C — > (C*) r , 
(zi, . .. ,Zr) >-> (e Zl , . . . ,e 27riz ')- Applying Theorem 6.3 to this situation, we recover 
Theorem 1.1 from [6]. 

Corollary 6.5 (Nazir [ ]). Suppose x\ an dX2 ar e primitive lattices in II , andxi C^Xi - 0- 
Then expQ^i ® C) n exp(^2 ® C) is isomorphic to xi +XilX\ + X2- 

As another application, let us show that intersections of subtori can be at least as 
complicated as arbitrary finite abelian groups. 

Corollary 6.6. For any integer n > 0, and any finite abelian group A, there exist subtori 
T\ and T2 in some complex algebraic torus (C*) r such that T\ fl T2 = (C*)" X A. 

Proof. Write A = © • • • © Z^. Let xi an d Xi De the lattices in l? k spanned by the 
columns of the matrices ( ^ J and ( ^ J, where D = diag(<ii ,du). Clearly, both x\ an d 
X2 are primitive, and^i <~)X2 = 0, yet the lattice^ = x\ +X2 is not primitive if the group 
A = xlx is non-trivial. 

Now consider the subtori P, - exp(Y,- ® C) in (C*) 2 *, for i - 1, 2. By Corollary 6.5, we 
have that Pi n P 2 = A. Finally, consider the subtori T t - (C*) n x P, in (C*) n+2k . Clearly, 
Pi n T 2 = (C*)" x A, and we are done. □ 

In particular, if A is a finite cyclic group, there exist 1-dimensional subtori, T\ and P2, 
in (C*) 2 such that T x n P 2 = A. 

7. Intersections of torsion-translated subtori 

In this section, we revisit Theorem 5.3 from the exponential point of view. In the 
case when the translation factors have finite order, the criterion from that theorem can 
be refined, to take into account certain arithmetic information about the translated tori in 
question. 

7.1. Virtual belonging. We start with a definition. 

Definition 7.1. Let ^ be a primitive lattice in Z'\ Given a vector A e Q r , we say A 

virtually belongs to x if d ' • A e II, where d - |det \x I ;fo]l and xo — n Z r . 

Here, \x \ Xo\ is the matrix obtained by concatenating basis vectors for the sublattices 
X and^o of H . Note that^o is a (cyclic) primitive lattice, generated by an element of the 
form Ao = mA e Z'', for some m € N. 

In the next lemma, we record several properties of the notion introduced above. 
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Lemma 7.2. With notation as above, 

(1) A virtually belongs to x if and only if dA &Xo- 

(2) d - if and only if A £^®Q, which in turn implies that A virtually belongs to X- 

(3) If d > 0, then d equals the order of the determinant group x + Xo/x + Xo- 

(4) If d - 1, then A virtually belongs to x if and only if A e 71, which happens if and 
only if A exo- 

Next, we give a procedure for deciding when a torsion element in a complex algebraic 
torus belongs to a subtorus. 

Lemma 7.3. Let P c (C*) r be a subtorus, and let 77 e (C*) r be an element of finite order. 
Write P - exp(^ ® C), where x is a primitive lattice in 71 . Then rj e P if and only if 
77 - exp(27r i A), for some A e Q r which virtually belongs to x- 

Proof. Set n - rank,^, and write tj = exp(2niA), for some A = {A\, . . . ,A r ) e Q r . Let Aq 
be a generator of xo = n 7 r , and write A = qAo. Finally, set d = |det \x I ^oil- 
First suppose d = 0. Then, by Lemma 7.2(2), A virtually belongs to^f. Since A e ^®Q, 
we also have 77 e P, and the claim is established in this case. 

Now suppose d t 0. As in the proof of Proposition 3.5, we can choose a basis for II 
so that the inclusion of x + Xo into x + Xo has matrix of the form (15), with D = d. In this 
basis, the lattice^ is the span of the first n coordinates, and^o li es i n the span of the first 
n + 1 coordinates. Also in these coordinates, A n+ \ = q, and so rj n+ i = e lniq ; furthermore, 
t]n+2 = ■ ■ ■ = f]r - 1- On the other hand, P = {z £ (C*) r | z n +\ - • • • = Z r = 1}- Therefore, 
77 e P if and only if dq is an integer, which is equivalent to dA e xo- □ 

7.2. Torsion-translated tori. We are now ready to state and prove the main results of 
this section (Theorem C from the Introduction). 

Theorem 7.4. Let i;\ and £2 be two sublattices in II. Set s - i;\ n ^2, and write e/e = 
{exp(2^"i^ ( t)}^ =r Also let q\ and 772 be two torsion elements in (C*)', and write rjj = 
exp(27r i Aj). The following are equivalent: 

(1) The variety Q = rji V{£\) n 772^(^2) is non-empty. 

(2) One of the vectors A\ — A2 — Pk virtually belongs to the lattice (TI/s) v . 
If either condition is satisfied, then Q = pV(^i + %2)>fo r some p e Q. 

Proof. Follows from Corollary 5.4 and Lemma 7.3. □ 

This theorem provides an efficient algorithm for checking whether two torsion-trans- 
lated tori intersect. We conclude with an example illustrating this algorithm. 

Example 7.5. Fix the standard basis e\, e%, ej, for Z 3 , and consider the primitive sublat- 
tices £1 - span(ei,e2) and £2 = span(ei,es). Then e - span(ei) is also primitive, and 
so s = 1 and p\ - 0. For selected values of 771,772 £ (C*) 3 , let us decide whether the set 
Q - WiV(£i) n 772V(^2) is empty or not, using the above theorem. 

First take 77! = (1, 1, 1) and 772 = (l,e 2;ri/3 , 1), and pick X\ = and A 2 = (1, |,0). One 

easily sees that d - det ( 1 1 J = -3, and d(A\ - A 2 - m) = (3, 1, 0) € Z 3 . Thus, Q ± 0. 
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Next, take the same 771 and A\, but take r] 2 = (e 3n1 ^ 2 , 1, 1) and A 2 = (f ,0, 1). In this 



[1] D. Arapura, Geometry of cohomology support loci for local systems. I., J. Algebraic Geom. 6 (1997), 

no. 3, 563-597. MR1487227 1.1 
[2] A. Grothendieck, Revitements etales et groupe fondamental, Seminaire de Geometrie Algebrique du 

Bois Marie 1960-1961 (SGA 1), Lecture Notes in Math., vol. 224, Springer- Verlag, Berlin-New York, 

1971. MR0354651 4 

[3] E. Hironaka, Torsion points on an algebraic subset of an affine torus, Int. Math. Res. Notices 1996, 

no. 19, 953-982. MR1422370 1.3, 1.3, 2.1, 2.3, 3.1, 5.2, 5.5 
[4] M. Laurent, Equations diophantiennes exponentielles, Invent. Math. 78 (1984), no. 2, 299-327. 

MR0767195 1.1 

[5] J. S. Milne, Algebraic groups, Lie groups, and their arithmetic subgroups, 2010. 

www.jmilne.org/math/ 2.1 
[6] S. Nazir, On the intersection of rational transversal subtori, J. Aust. Math. Soc. 86 (2009), no. 2, 

221-231 MR2507596 1.4, 6.4, 6.5 
[7] M. du Sautoy, L. Woodward, Zeta functions of groups and rings, Lecture Notes in Math., vol. 1925, 

Springer- Verlag, Berlin, 2008. MR2371185 2.4, 2.4 
[8] R. Schmidt, Subgroup lattices of groups, de Gruyter Exp. Math., vol. 14, Walter de Gruyter, Berlin, 

1994. MR1292462 2.2 

[9] T.A. Springer, Linear algebraic groups, Second edition, Progr. Math., vol. 9, Birkhauser, Boston, MA, 
1998. MR1642713 2.1 

[10] A. Suciu, Characteristic varieties and Betti numbers of free abelian covers, arXiv: 1111 . 5803. 1.1, 



[11] A. Suciu, Y. Yang, Z. Zhao, Homological finiteness of abelian covers, arXiv: 1204.4873. 1.1, 1.6, 
5.3, 5.4, 5.11 

Department of Mathematics, Northeastern University, Boston, MA 021 15, USA 
E-mail address: a . suciu@neu . edu 

Department of Mathematics, Northeastern University, Boston, MA 021 15, USA 
E-mail address: yang . yap@husky . neu . edu 



case, d - det I 1 J = -3 and d{A\ - A% - = ( 




f,0,3)£Z 3 . Thus, 2 = 0. 
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